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1. INTRODUCTION

IF v, the -order of a latin square can be expressed as product of u
prime powers such that v==p% . p, ... p™, it is known from
MacNeish# and Mann® that there exists a ‘set of at least 7 () mutually
orthogonal latin squares (m.o.ls.) of order v where ‘

n

n(V) ""mln (pl L Pz > . :P"“)—l

Parker“ Bose and Shrlkhande1 and Bose, Shrlkhande and Parl\er2
improved upon the number n(v) of the  above result in some cases
while the latter two papers dlqproved the Buler’s conjucture by show-
" ing that at least two orthogonal latin squares of order v for v=2
(mod. 4) (except for v = 6) exist, using the orthogonal arrays, Rao’
and Pairwise Balanced Designs of 1ndex unity.

Bose, Chakravarti and Knuth"' adopted another method of usmg
orthogonal mappmgs of a group and obtained Sm.o.ls. of order 12.

) In the present paper, two series of pa1rw1se balanced desrgns
of 1ndex {unity have been obtained. Through one-of these designs ithe
partlcular case of MaxNeish-Mann result regarding the number of
m.o.l.s. of order equal to product of any two primes can be obtamed
using the methods of Bose and Shrikhande:? These designs have further
been used to make improvements, in some cases, on the existing lower
bound of the maximum ‘possible m.o.Ls. of order v, where v is a nelther
a prime nor a prlme power. L

2 CONSTRUCTION OF PAIRWISB BALANCED DESIGNS OF INDEX UNITY

A palrwrse balanced design D(v, ky, kg, 0+ k) of index umty,
as defined by Bose and Shrikhande,! is an arrangement of v treatments
in b blocks such that each block contains either ky, &y, « - - -or £k, treat-
menits.-which are ‘all distinct ky<v; k;Fky) and every pair of treat
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mcnts occurs din. exactly one bleck of the des1gn The set of bi b]ocks
of -size ky-is  saidito: Be an’ eqmblock component of 'size k,. -

“iConsider. the- affine resolvable BIB- de81gn R
.v—.s'2 b=s2-}-s,r—s+1 k._s A—l

Erom one of the. s 1 rephcatlons of the demgn delete p blocks and al
treatments occurrmg in those p blocks. Since the blocks of d1fferenti
replications of the’ above affine resolvable BIB desxgn have one treat:
ment in- common, every block of all the replications except the one
from which the blocks-are deleted looses p treatments which occur in -
the p deleted blocks. : The remaining desrgn 1s a pa1rw1se balanced :
design with parameters ' = R

=5 —p) b—s2+s—p, kl—s-p, kz——s,’\—l @

'In this desxgn series there are s rephcatlons w1th - blocks each of
s1ze s—p and a smgle rephcatlon with s—p blocks of srze .S each

To the parrwrse balanced desrgn I, add a "block of s. -{-1 ‘new..
treatments and to the blocks of each of the s 1 repl1cat10ns add one
each of- the - +~1 new treatments . We then::have ‘a ‘pairwise b_alanced
de51gn W1th parameters” - A S

 vmsem R b rspdl L
o k=s—p 41, k2:,=~_s.+'1, A=l . ap

3. CONSTRUCTIONOFMOLS RN

ApalrWlse balanced deswn D(v kl, kg, cies l,,) of indéx unlty
is said to be separable if the blocks of every equlblock component
(Dy)i=1,2," , M can be divided- into ‘subsets such "that every treat-

ment occurs .in a subset exactly k, tlmes or exactly once Then W,‘?
haVe 'the -’ '

THEOREM 31 Let there exista a pa1rw1se balanced deslgn D (v,
kl, Koy ooy ka) of index unlty and suppose there exist ¢~ 1 m.oil.s! s
of order k. If .

) . q mm (q1, qg, i i qm) f

then there exrst at least (q 2) mols of order v., Tf the des1gn4
' (D) 1s separable then the number of m,o.Ls. of order v is at least (q ==1):

The proof glven by Bose and Shnkhande 1 follows by showmg that’
we' ¢an “coristruet ‘an’ “orthogonial arfay 9%, g, ¥, 2] from’ the desigh’ (D)'
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and if itis separable we can have the orthogonal array [v%, q - 1, v, 2).
Co-ordinatising any two rows of the array we have (¢ — 1) m.o.Ls. of
order v.

Further in the design D (v; ky, ks, ... k) the set of equiblock com-
ponents D1), (Dy),-.«. (Dy), I << m, will be said to be a clear set if the
2 b, blocks comprlsmg (Dy), (Dy), ..., (D)) are disjoint, that is, no two
i=1
blocks contain a common _treatment. Then, Bose, Shrikhande and
Parker® proved the

THEOREM 3.2, Let there exist a pairwise balanced design D (v; &y,
ks, ..+5 ki) of index unity such that a set of equiblock components
(Dy), (Ds), .., (D), I < mis a clear set. If there exist (g — 1) m.o.Ls.
of order k; and if

q* = mln (ql + 1 (Ia + 1 ql + 19 qu; sy qn) then there
exXist' at least q* —2m.ols of order V.

In this case the progf follows by showing that we can construct
an orthogonal array [v2, g% v, 2].

Now, the series I of Section 2 is separable since the equiblock com-
ponent (D;) of size k, = s — p is divided into s subsets (replications)
such "that each treatment ocours once and only once in each subset
and the equiblock component (D,) of size k, = s is a single such subset.
Hence from Theorem 3.1, we have the particular -case of MacNeish-
Mann result for the product of any two primes that

Nists—=p]=N(s—p)
where N (v) denotes the maximum possible number of m.o.ls. of
order v. The results of MaxNeish-Mann for the product of any two
primes “have been obtained earlier through other methods but all of
them could not be obtained through the methods- of Bose, Shrlkhande
and Parker. .

‘We shall glve here some examples to illustrate the use of these
'de51gn series-in the construction of m.o.l.s. of order v in whose case an
improvement in the lower bound of N (v) is possible.

Example 1.—Consider the design D (100; 9, 12) obtained from
Series II for s =11, p=3. Take out from the design the 100th
treatment (the treatment which is replicated only 9 times) and then 6
treatments and 3 treatments from two different blocks of the equiblock
component of size 12. We have a design D (90; 5, 7, 8, 9, 11) where
the equlblock component consrstmg of the single block of size 5 1s
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Exist- Im-
ing -proved - - Séries :
v lb.for Lb.for s. p X No. Remarks
- N(®» N ‘ . o o
90 2 4 11 3 —10- I Bxamplel *
94 2 5. 11 3 — 6 - 11. Delete the:-100th, 3
. . and. 2 treatments
respectively from two
blocks of size 12 as
in Example 1’

106 2 5 13 4 -1l I 6 and 5 treatments
respectwnly from two
blocks of size 13 as

L o : in Example 1
110 2 5 13 4 — 7 -.1. 5 and .2, treatments
. respectively fromtwo
blocks of size 13 as

P : o in Example 1. . .

114 2 5 13 .4 —3 I .2 and.1 treatments

. respectwelyfrotho
blocks of size 13 as
o - in Example 1

116 3 5 13 4 —1 T Deleteany treatment

124 4 5 16 9 +12 1  Example 2.

134 35 6 .16 . 8. 11 _ Il Example3 R

138 5 6. 16 8 e — 1 I Asin Example 3

140 5 6 16 .8 7 1§ '~As in Example 3

42 s 6 17 9. =12 1 11 treatments 1nclud-

) ' " ing ‘the 'treatment
occurring 9 times
from the last block
and one from other -

B - : : . treatments .

146 5 6 17 8 -7 I 6 -and 1 treatments

. from two blocks of.

T ' .. size 17 B

148 3 .. 4 13 2 + 5 1 Asin Example 2 -~

150 -5 6 17 9 —4 I~ Example 4

154 -2 . 4 13771 "= 2771 -Any two treatments

from a block of size
13- - - - .
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clear. Hence from Theorem 3.2 above, we have N O0)=4. The
existing lower bound in this case is only 2.

Example 2—To the design D (112; 7, 16) for s =16, p==9 in
Series I, add 12 treatwents, one to each of 12 sets and a block of size
12, Since the single block of size 12 is clear, N (124) > §, the.known
lower bound in this case being 4. _—

Example 3.—Consider the design D (145; 8, 17) of Series 11 for
s =16, p = 8. Delete from it any 10 treatments from the new block
except that which is replicated only 9 times and ore more treatmient
from the rest (not occurring in the new block). We have the design
D(134; 8, 9, 16, 17) in which the equiblock component of size 7 is
a clear set. Hence N (134) 2= 6, the known lower bound being 5.

Example 4—From the design D (154; 9, 18) for s = 17, p=9
in Series II, deleéte two treatments from the new block one of which
is replicated 9 times; and two more treatments not coming from the
last block- and which do not occur together in any block of the two
s¢ts with” which. the previous two new treatments occur. We then
have D(IS(); 7,-8,9, 16, 17). Since the equiblock component of size
7 is clear;~ N (150)2 6, the known lower bound being 5.

* In the following table the values of v (v<< 154) for which the lower
bound of N (v) could be improved over the existing lower bound are
given. The positjﬁ_@ and negative signs for the values of x denote
respectively the addition and deletion of that number of treatments
from the design. Under the remarks, the method of addition o1
deletion is indicated. .

Tag

4. SUMMARY

Two new series of pairwise balanced designs of index unity have
" been obtained. Through one of them the particular case of the
MacNeish-Mann result on the maximum possible m.o.ls. of order
equal to product of any two primes can be obtained. Some improve-
ments on the lower bound of maximum possible m.o.l.s. of non-prime-
power orders have been made. ,
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